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Abstract :  The dilatation and the pattern formation of convection cells in natural convection 
driven by internal heat generation, first investigated during the 1970s, are reexamined in this 
paper using an improved experimental apparatus in order to reduce uncertainties as much as 
possible. The convective motion in the fluid layer was visualized using reflecting particles 
(Kalliroscope). Cell dilatation was confirmed in the improved experimental apparatus and then 
investigated quantitatively by extracting the pattern wavenumber from Fourier analysis of the 
images recorded by a digital camera. The pattern wavenumber was found to decrease with 
increasing Rayleigh number. We compare our results with earlier investigations and discuss the 
influence of the thermal boundary condition at the bottom of the fluid layer on the variation of 
the wavenumber. Two different structures were observed in the same fluid layer at a relatively 
high Rayleigh number; an additional cell appears in the original cell (Double cell structure) and 
the descending flow region around the center of the cell expands laterally like a spoke of wheels 
(Spoke-like structure). Factors for the formation of such complex structures are discussed. 
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1. Introduction 
Natural convection induced by internal heat generation exists everywhere in nature. Examples are 
motions in the atmosphere (e.g., Tritton, 1975) where heat is generated by absorption of sunlight, 
and mantle convection in the earth (e.g., Turcotte et al., 2001) where heat is generated by radioactive 
decay of isotopes. The effects of internal heat generation, however, have received little attention even 
though it is of equal or even greater importance (at least in so far as its effect on the flow pattern (e.g., 
Schubert et al., 2001)) than, say, a temperature dependent viscosity. 

Studies of internally heated convection in a shallow fluid layer reported a transition process of 
the convection cells: Hexagonal cells are formed at a relatively small Rayleigh number and then 
expand as the Rayleigh number increases (Tritton and Zarraga, 1967). A descending flow region 
around the center of the cell spreads to the lateral of the cell like a spoke of wheels at a higher 
Rayleigh number (Ichikawa et al., 2006). The cell structure collapses and descending flow sheet 
becomes dominant at a further high Rayleigh number (Carrigan, 1985). The cell dilatation is typical 
in comparison with standard Rayleigh-Bénard convection, but theoretical studies e.g., by Roberts 
(1967) could not clarify the origin of this phenomenon. Furthermore, Schwiderski and Schwab (1971) 
concluded that cell dilatation is not an intrinsic feature of the problem, but instead is induced by 
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non-uniformity of internal heat generation in the experimental apparatus. To our knowledge there 
have been no further experimental investigations of cell dilatation until now. In this paper we 
reinvestigate the problem of cell dilatation and study it in greater detail than previous method 
allowed. 

Two criticisms of past studies that we address in this work are: (1) horizontal variation of the 
amount of internal heat generation induced by non-uniformity of electric conductivity of the fluid, (2) 
non-adiabatic boundary condition at the bottom of the fluid layer. In our experiments we used a more 
precise experimental setup and minimized or eliminated the difficulties described above. We also 
studied the variation of the cell dilatation with Rayleigh number more systematically by measuring 
the pattern wavenumber using the Fourier transform of images of the convective motion taken by a 
digital camera. Transition of the cell structure subsequent to the cell dilatation was also observed. 

2. Experimental Setup 
A horizontal fluid layer with thickness L generates heat uniformly at rate H per unit time and per 
unit volume. To focus our study on the influence of internal heat generation, we set the thermal 
boundary conditions on the top and the bottom plate as isothermal and adiabatic, respectively. The 
control parameter in this problem is the internal Rayleigh number, defined as 

5

I 2
g HLR β
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where g is gravity, β, λ, κ and ν are thermal expansion coefficient, thermal conductivity, thermal 
diffusivity and kinematic viscosity of the fluid respectively. Instead of RI, we use the reduced internal 
Rayleigh number RI* = RI / Rc, where Rc is critical Rayleigh number; Roberts's calculations yield Rc = 
1386, estimated theoretically (Roberts, 1967). 

Our experimental apparatus was designed and constructed to minimize non-uniformities in 
the internal heat generation and to make the adiabatic boundary condition at the bottom of the fluid 
layer. Figure 1 shows a schematic illustration of the apparatus. The apparatus mainly consists of two 
parts, a fluid container and a cooling part as the lid of the container. All but the bottom plate of the 
fluid container is made of Plexiglas with a thickness of 10 mm. The horizontal area of the container is 
a square of sides 210 mm, the plate separation is 7 mm, yielding an aspect ratio of 30. In order to make 
the adiabatic condition, 6 mm vacuumed glass with 0.2 mm vacuumed space (to 10-6 atm), is used as the 
bottom plate. The heat flux through the bottom plate, which is estimated from heat conduction in the 
low-pressure air and approximated blackbody radiation, is reduced to one third of the maximum heat 
flux of a Plexiglas plate, which was used in Schwiderski and Schwab (1971).  

The lid of the container, the cooling part, is an aluminum block 18 mm thick. The temperature 
at the bottom surface of this block was kept constant by flowing water over the lid. The temperature 
of the flowing water was controlled by a thermostatic bath to within ± 0.1 °C. Biot number, which 
indicates an evaluation of the thermal boundary condition, is roughly estimated as Bi = (Lp/λp)/( L/λ) = 
0.007 in our experiment, where Lp and λp are respectively the thickness of the top plate and thermal 
conductivity of aluminum. This value is enough small for regarding the thermal boundary condition 
as isothermal. The water temperature was initially set to room temperature to avoid an initial 
perturbation in the fluid and heat flux through the lateral wall of the container. The bottom of the 
aluminum block was coated with black paint for the sake of electric insulation and visualization. The 
height of the fluid layer (7 mm) was about 1.5 times greater than that used in previous studies 
(Tritton and Zarraga, 1967; Schwiderski and Schwab, 1971). Therefore, to achieve the same internal 
Rayleigh number as used in previous experiments, the amount of internal heat generation was 
reduced to one eighth of that used in previous studies. Typical temperature difference in the fluid 
layer is estimated to be about 2 °C at the minimum by solving the heat conduction equation.  

A 0.5 wt % potassium chloride (KCl) solution was used as the ionic fluid. In comparison with 
past studies, this ionic fluid has a small electric conductivity; furthermore, it is only weakly 
dependent on temperature. A stabilized AC power supply, NF model EPX4104, was used for electric 
heating to avoid bubble generation at the electrodes. Since the electric conductivity of an ionic fluid 
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depends on temperature, the electric current passing through the fluid layer slightly increases with 
temperature. In our experiments the current increased by about 8 % of its initial value. This ratio of 
increase of electric current is smaller than that in Schwiderski and Schwab (1971) by two third at the 
same range of RI with our experiment. This equilibrium value was used in calculating the internal 
Rayleigh number RI, namely, uniform internal heat generation is assumed. The heat per unit time 
and per unit volume H was derived as H = EI/V, where E and I are effective values of electric current 
and voltage, V is the volume of the fluid layer. Typical values of them for RI* = 6 are; E = 48.5 V, I = 
326.54 mA and then H = 48970.9 W/m3. 

We used reflecting particles (Kalliroscope flakes, AQ-1000 rheoscopic concentration, 
Thoroddsen et al., (1999); Tasaka et al., (2007)) to visualize the fluid motion. It is a suspension of 
microscopic crystalline platelets (the main ingredient of the platelet is guanine, which has 1.62 g/cm3 
in density, and the size of the platelet is 60 × 30 × 0.07 μm), these platelets are arranged parallel to the 
planes of shear flow. A thin horizontal slice of the fluid layer was illuminated with a light sheet at 
mid-depth, and photographs were taken looking up through the bottom of the fluid container by a 
Nikon D1X digital camera. Each photograph had about 1000 × 1000 pixels. 

 

 
Fig. 1. Schematic illustration of experimental apparatus; fluid container (bottom), cooling 
part (top) and fluid layer (left). Electric current passes through the fluid layer parallel to the x 
-direction. 

3. Results and Discussions 
3.1 Polygonal Shape of the Cell 
Photographs of the convection patterns for three values of RI* are shown in Fig. 2. Each picture was 
taken after that convection pattern relaxed to a time-independent steady state. This took about 2 
hours in our experiments. The white square in the upper right corner of these photographs is an 
indication of 2L. A light sheet was emitted from above in these photographs. The copper electrodes 
were located on both sides; then the direction of the electric current in these photographs is the 
horizontal direction, i.e., the x-direction. 

There are cells with irregular shape in every photograph taken at different RI* and this is in 
accord with the results of past studies (Tritton and Zarraga, 1967; Schwiderski and Schwab, 1971). 
As it is well known, the shape of a convection cell in Rayleigh-Bénard convection at Rayleigh 
numbers slightly larger than the critical Rayleigh number is a two-dimensional roll. In these 
experiments, however, the convection cell has a polygonal (nearly hexagonal) shape and is 
three-dimensional. Moreover, the fluid descends from the center of a cell and ascends along the 
polygonal outer boundary (see Fig. 6(a); such flow direction cannot be distinguished in the 
photographs). The descending flow at the center is dominant in the internally heated convection 
because the convective motion is induced by the separation of thermal boundary layer from the top 
boundary. Thicker fluid layer or rapid heating of the fluid layer sometime induce irregularity of the 
cells in Rayleigh-Bénard convection because of imperfection of linearity of the initial temperature 
profile. We performed the same experiment with a thinner fluid layer with 3 mm thickness and the 
patterns were similar. The convection induced by internal heat generation probably has a wider 
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permissible range for wavenumber of the disturbance. Schwiderski and Schwab (1971) pointed out 
that the arrangement of cells depends on the direction of the electric current. However, in our 
experiments we could find no significant dependence of the arrangement on the direction of the 
current. 

Because we used a thicker fluid layer in order to reduce internal heat generation 
non-uniformity, we expected the cell dilatation to be much weaker in our experiments compared to 
previous studies (Tritton and Zarraga, 1967; Schwiderski and Schwab, 1971). However, as the 
photographs illustrate, the convection cells clearly expand while keeping their shape as RI* 
increases. 

 
2L

x

y

RI* ~ 4 RI* ~ 5 RI* ~ 6  
Fig. 2. Dilatation of convection cell shown in visualized pictures, where white squares 
on photographs are indication of 2L. 

 
3.2 Dilatation of the Cell 
In internally heated convection, a convection cell expands with increasing RI* as shown in Fig. 2. 
These results are qualitatively similar to the earlier studies (Tritton and Zarraga, 1967; Schwiderski 
and Schwab, 1971). For a quantitative comparison with earlier studies, we have studied the cell 
dilatation by extracting the pattern wavenumber from the Fourier transform of our high-resolution 
digital images. 

Each element in a visualized image of convective motion has brightness information with 256 
levels, and this brightness is modulated in space by the convective motion of a cell. Therefore, we can 
determine the cell wavenumber from a Fourier analysis of this brightness variation. The brightness 
depends on the arrangement of the Kalliroscope flakes; it becomes the minimum at the boundary 
between the cells and the center of the cells where the vertical flow is dominant in this configuration. 
Details of the wavenumber analysis are explained as follows by using an example shown in Fig. 3. 
Figure 3(a) is an analyzed image expressed by elements of about 1050 times 1050 pixels, where 
physical size of the image is about 210 mm times 210 mm; then spatial resolution is approximately 
0.2 mm/pixel. Brightness variation extracted from the image along a horizontal line expressed as a 
white line drawn in Fig. 3(a) has several periods according to the number of cells in the image (Fig. 
3(b)). All of available brightness variations are analyzed by discrete Fourier transform with Hanning 
window function. Figure 3(c) is an average spectrum obtained as above, showing a peak near n = 20, 
where n represents the number of waves in a brightness variation. This result is consistent with the 
number of cells lined on the horizontal or the vertical direction. The value of n of the peak, < n >, is 
determined by a parabolic approximation of neighboring points around the maximum point in an 
averaged spectrum as shown in Fig. 3(c). The half-width of this parabola expresses its error, which 
contains various uncertainties caused by effects of the side boundary, irregularity on the form of the 
convection cells, etc. The reciprocal of < n > corresponds to the mean length of lines passing through a 
circle which has the same area that a regular hexagonal cell was. One cell contains two periods of the 
brightness variation. According to this relation, < n > can be converted to mean wavenumber of cells k.�
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The analysis with Fourier transform was carried out to determine a wavenumber for parallel 
(x-direction), kx, and perpendicular (y-direction) to the direction of the electric current, ky. However, 
there is no typical difference on the wavenumber between the directions. 

Figure 4 shows the variation of the wavenumber k estimated by image processing; the error 
bars for RI* are determined from the deviation of the measured electric current and voltage in the AC 
power supply. The results of Schwiderski and Schwab (1971) and the critical wavenumber 
determined theoretically by Roberts (1967) are also shown. Solid symbols represent the wavenumber 
determined from the temperature field in the same apparatus (Tasaka et al., 2005). The 
wavenumber decreases monotonically with respect to RI*. The solid line shows an approximate linear 
function of present data; the slope is around -0.23. The wavenumber decreases linearly with respect 
to RI* until RI* = 8 and saturates beyond this value. This saturation might be induced by the influence 
of the lateral boundary. The present results are slightly smaller than the other results for each RI*, 
but the slope of the variation is similar. This difference might be caused by; (i) differences in the 
problematic thermal boundary condition - we used an adiabatic boundary condition, while 
Schwiderski and Schwab (1971) used Plexiglas, which has no negligible thermal conductivity, (ii) 
differences in the mean temperature of the system – physical properties, e.g., electric conductivity 
and kinematic viscosity, slightly depend on the temperature. The cell dilatation may be related to the 
enhancement of “cold plume”; the cold plume, which is a separated thermal boundary layer from the 
top boundary, induces convective motion by sweeping high temperature fluid at the lower part of the 
fluid layer. This sweep is enhanced with increasing Rayleigh number. 
 
3.3 Double Cell and Spoke-Like Structures 
The expanded cell evolves from the hexagonal structure to more complex structure at further high 
Rayleigh numbers. Figure 5 shows the visualized photographs of the cell shapes observed at RI

* ~ 20. 
The hexagonal cell evolves into a more irregular shape by the effect of container size and any other 
intrinsic factors. An additional cell is formed inside the original cell shown in Fig. 5(a) and thus it has 
a double structure (see Fig. 6(b)). This is the double cell structure reported in Schwiderski and 
Schwab (1971). They mentioned that the double cell structure is transitional and collapses into 
small-polygonal cells. In our observation, however, the structure was maintained for 2 hours without 
collapse. There is maybe a limit for which the double cell structure stably exists. In Fig. 5(b) the 
descending flow region around the center of the cell expands laterally like a spoke of wheels (see Fig. 
6(c)). This is similar to the spoke-like structure predicted by a numerical simulation in Ichikawa, et  
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Fig. 3. Periodic fluctuation of brightness variation extracted from a visualized picture; (a) Visualized 
photograph of a fluid layer, (b) Brightness information extracted from the photograph along a horizontal 
white line drawn in the photograph, (c) Averaged spectrum of brightness information over space the fluid 
layer, where n represents the number of waves in the brightness variation for 210 mm. 
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Fig. 4. Variation of wavenumber k with respect to RI*, where the solid line expresses an approximated 
linear function of this works determined from visualized images. 
 
al. (2006). These structures were observed together in the present study. It has not been clarified 
what are the factors that take place on the transition from the regular hexagon to such more complex 
structures. However, hypotheses are conducted from measurements of the temperature distribution 
in the cell (Tasaka et al., 2005) and observation of the structures: Ascending flow region at the 
outline of the cell is distinguished around apexes of the hexagonal cell with increasing Rayleigh 
number, and it obstructs the uniform expansion of the descending flow region laterally (Tasaka et al., 
2005). The spoke-like structure may be formed as the result of this non-uniform expansion of the 
descending flow region. The double cell structure has never been observed in ideal systems of the 
numerical simulation and is usually observed in relatively irregular hexagons in the experiment as 
shown in Fig. 5(a). The structure may be formed when the asymmetry of the descending flow region 
in the expanded cell becomes large. 
 

(a) (b)  
Fig. 5. Photographs of (a) double cell structure and (b) spoke-like structure observed at RI

* ~ 20. 
 

(a) (b) (c)

Flow direction Hot Cold

 
Fig. 6. Schematic illustrations of the cell structures; (a) regular hexagon, (b) double cell structure and (c) 
spoke-like structure.  
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4. Conclusion 
In order to confirm the cell dilatation, an experiment that is more closely approximated by the 
theoretical models was performed. The thermal boundary condition at the bottom plate became 
nearly adiabatic by using vacuumed glass as the bottom plate, and the non-uniformity of the internal 
heating was reduced by increasing the height of the fluid layer. Fluid motion was visualized to 
estimate the cell dilatation using Kalliroscope. With the improvements of the experimental setup in 
the present study, cell dilatation could be observed in digital photographs for each RI

*. We conclude, 
therefore, that the dilatation of a convection cell with respect to internal Rayleigh number is 
characteristic of natural convection induced by internal heat generation (we mentioned that the cell 
dilatation was also observed in Rayleigh-Benard convection (e.g., Koschmieder, 1993)), but the rate 
of the expansion is smaller than this phenomenon.). The cell dilatation may be related to the 
enhancement of “cold plume”; the cold plume, which is a separated thermal boundary layer from the 
top boundary, induces convective motion and sweeps high temperature fluid at the lower part of the 
fluid layer. This sweep is enhanced with respect to Rayleigh number. 

As a result of the cell dilatation, an expanded cell breaks up and a smaller cell appears in the 
expanded cell like double structure as mentioned in Schwiderski and Schwab (1971) (double cell 
structure). When the hexagonal shape of the cell is relatively regular, the small cell is not formed and 
the descending flow region expands laterally like a spoke as mentioned in Ichikawa, et al. (2006) 
(spoke-like structure). Such structures do not appear in the transition process to turbulent flow in 
standard Rayleigh-Bénard convection, as shown in the phase diagram (Krishnamurti, 1970).  
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